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The paper investigates the problem of the pressure of a rigid paraboloid of
revolution on a plate or a membrane the contour of which consists of portions
of straight lines; the plate 1s assumed to be simply supported. The problem
is solved in quadratures and the method of solution is based on the reduction
to a type of Riemann boundary-value problems for two functlons for which a
solution in closed form has been found. The problem of the pressure of a
rigid paraboloid on an infinite plate was first solved by Galin [1].

1. General relations and formulation of the problem, (i). The deflection
of a stiff elastic plate under the action of a single transverse loading
satisfles the Kirchhoff equation [2]

DAAw =g (A=%+§%} (1.1)

Here gy 1s the displacement of points in the plate along the normal to
its surface, D 1s the bending stiffness of the plate and ¢ 1s the trans-
verse loading.

We have the following formulas for the bending moments u, and 4, [2]

M =—D(5% +via),

w 2w
g My=—D(55+vas)  (12)
Here tn 18 an arbitrary system of Carteslan coordinates an  1s Poils-
son's ratlo:

On a part of the plate where the transverse loading ¢ 1s zero there
exist the fundamental relations [ 3]

%+%=4Rem(z) (z=2z+iy) 13
%_%‘%_21% =220 (z) + ¥ (2)]

where &(z) and v{z) are analytic functions; x,y are Cartesian coordinates.
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We give two further formulas for the case when ¢ = 0 which will prove
of use at a later stage [3]

2w w 3’_10 + Pw

93 '+ Gy ~ on* U o 4
*w o . Pw . (3w Pw . w (1.4)
v _ ———21——=e3“‘(-—-—— gv __9i ——)
o ont andt oz % dxdy

where o 1s the angle between the axes x and ¢ .

An sbsolutely rigid paraboloid of revolution, the equation of the surface
of which can be written in the form

z=Az®+ Ay (1.5)

bears on a plate with a force P directed along the axis of symmetry. Over
the contact area the deflectlion of the plate will be given by
w=06—A422 — A (1.6)
where & 1s the displacement of the die. The thickness of the plate 1s
assumed to be small compared with the dimensions of the contact area. On the
contour I of this area, which is to be determined,  the following conditions
of continuity of all second derivatives [1] of the function p must be
satisfled: o " o
W

These conditions are a consequence of the continuity of the displacement
w and also of its first and second derivatives with respect to the normal,
dw/?n and 3*w/an® . By virtue of (1.1) and (1.6) the pressure on the con-
tact area is zero, so that the force P 18 resisted Ly shears acting on the
boundary of the contact area (*).

11) When the bending stiffness of the plate can be ignored and the stres-
ses on the middle surface caused by bending are small compared with the 1ini-
tial stresses o, and o,, the deflection of the plate satisfies the
equatior » P

w . q
Ox 5 + oy o =% (18)

Here o, and o, are constant principal stresses and h is the thickness

of the membrane. Note that Equation (1.8) is valid also for nonelastic mem-

branes.

Por the case when the transverse loading g 1s zero we can use the fun-
damental relations

w = Re f(2), %—i%’;—=Rej’(z)+iuImf’(z)
z=z+ iny, 2 =0./06, (1.9)

*) If the effect of shear forces 1s taken into account the pressure distri-
bution under the die is found to be nonzero, as has been proved in (4].
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An absolutely rigid paraboloid of revolution, the equation of the surface
of which may be written the form (1.5) is considered to bear on the membrane.
On the basis of (1.8) and (1.6) the pressure over the area of contact is

constant and equal %o q = 24k (0 + o) (1.10)

On the contour I of the contact area, which is to be determined, the
condition of continuity of both first derivatives of the function p must
be satisfied .

ow ow

.—a.;:-:_._IZAx, W: — 24y (1.11)

2. Auxiliary boundary-value problem., Suppose it is required to deter-
mine two plecewise analytic functions o, (¢) and oz(z) of a complex variable
2z with a line of discontinuities [ + ¥ , the boundary values of which on
the contour [ + ¥ satisfy the conditions 2.1)

P =, ), (1) +£1(8), @) =B B9 (O) +1L() el
¢ () =g O, (1) + f3 (D), P () = & W)@y (8) + fo () (te M)

Here @3 (8), By (2), g, (8), & (8), f1(8), - . ., f4 (t) are piecewise continuous
functions satlsfying HOlder's condition over the intervals of continuilty;
L + ¥ 1s a simple smooth contour.

Thus on the part ¥ of the contour we have a linear boundary condition
of the Riemann problem for each function g, (2) and gy(z) taken separately
[5 and6] and on the remaining portion [ of the contour we have a linear
boundary-value problem of Riemann for the two functions of the type consid-
ered in [7].

We introduce new plecewise analytic functions ,{g) and y,(x) by means
of Formulas

Py (2) = & (2) 1 % fs (1) dt

zm—EMEWFT
_ @a(3) 1 fa (1) dt
b2 (2) = 3 @ 2?25{ XSO —2) (2.2)

Here x,(z) 1s the canonical solution of the Riemann boundary-value problem

6
[5 ana 6] Pt =aer () cem =12 (2.3)

(where 1t is assumed that o, (z) are analytic everywhere outside the contour
).

The functions §,(z) and y,(z) determined in this way, as can be easily
verified, undergo a discontinuity only on the line  and are continuous on

the contour N il?1+ — 'lPl—, \P2+ = P,” te M)

Substituting the functions ¢, (s) and o (s) according to (2.2) into the
first two boundary conditions of (2.1), we obtain the following boundary-
value problem for the functions vy, (z) and yg(2):

P,* (t) = a () %,” (&) + f10 (), B* (@) =B @)y (D) + oo &) e (2.4}
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Here

alt) = Faa®). BO)=7380

fo®) = w7y {0+ () ZL

2

fe(@Mde X g fa(v)dv
Xat (v) (v —1) 2 P Xit(v) (v—1)

lSl
-1 X1 (1) fs (x) dv X, (1) fe(v) dx
o) =375 {72(t)+31(‘) oni §X1+:1:) =D Zm }S‘X{':-r) =0

The boundary-value problem (2.4) has been solved 1n closed form in [7].

Since an error occurred in Expressions (1.9) ir [7] the correct version
of these formulas is Quoted here

. = X. S fro (2 fao (¢) dt
¥ (2) = X;(2) {k= (D) + o S [ | fo)] &t

__qyitBa(3) Rt (8) / o) Jao (1)
(—1) Ri(z) [P (2) +4mSRa" ® X11+ (z)_;;«(:)"'
: %k Q1 dt
+2 3 (2 -2 > 2 ]} (25)
Here X, (z), X, (z) 1s the canonical solution [7] of the boundary-value

problem (2. ll») 215 == Cy, Zgx~= di are certain complex constants [7]; the constants
ajx are given by aj = lim (z — zj) P; (2) Xit(z) as z — Zixy  Paq (2)

is a polynomial of degree n . The numbers A and u _are determlned as
follows:

Hv—x—1+n>0 p=0 n—1—1>0A=n—1—1

A v—x—14+n>0 p=0 n—I01—-1<0, v—u>0Ar=0
Hv—n—14+n>0 p=0n—-101—-1<0,v—x<0, A=%—v
Gy v—-un—14n<0, p=—v+at+l—nrx—v>0LA=%x—v
5) v—-x—14+n<0, p=—v+x+1l—nv—x>0 A=0
¥ =%, + % + ...+ %n; 1in general v = [Y/,n]. R, (z) and #,(x) denote

the following functions:

2n

z 1
R, ()= EI(Z — g™, R, (2) = i=IzI+1 (z — g)"

At the ends of the lines L (L, +...+ L, =L)yz=g (i = 1,2,..,)
the functions x,(z) and rx,(z) are of the order O [(z — gi)*], where

1> Rea >,

In the solution of boundary-value problem (2.1) we can proceed by & dif-
ferent (and perhaps a more convenlent) method. We can first construct a
canonical solutlior to (2.1) defined as a solutlon to the homogeneous problem
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of (2.1), the class of which coincides with the given class of functions

9, (z) and gy(x) at the ends of the curves and at the points of discontinuity
of the coefficlents ¢;, B;, g, and g; ; 1in so doing 1t 18 necessary in
general to introduce certain additional conditions analogous to the condition
(1) 1n [7). These conditions are not difficult to find after the homogeneous
boundary-value problem (2.1) has been solved by the method outlined above.
When the canonical solution has been found, the boundary-value problem (2.1)
can easily be solved.

3. The pressure of an absolutely rigid paraboloid of revolution on &
plate and on & mesbrane of polygonal shepe. (1) Consider an elastic simply
connected polygonal plate freely supported at its boundary and subjected to
the pressure of an absolutely rigid paraboloid of ‘revolution. On the freely
supported boundary ¥ the conditions are that = O and ¥,= O, or, from

(1.2)
2w 0%w
5 =0, 5 =0 (3.1)
Here n and ¢ are the directions of the normal and the tangent to the
sontour of the plate.

Using Pormulas (1.3), (1.4) and (1.7) we can write the boundary conditions
(3.1) in the form

Re®(z) = —A, 20 (2)+¥Y(2)=0 onlL 3.2)

Re®(z) =0, Re{e™i[z0'(2) +¥Y (D} =0 onNM
Here a, is the angle formed by the fth rectilinear segment of the bound-

ary with the x-axis (in the direction of travel round the contowr I + ¥ ,
L 1is the unknown contour).

We transform to the parametric plane of the complex variable ( by means
of the transformation z = w({). The analytic function w{() conformally
maps the exterlor of two sectlions of the real axis in the plane of ( into
the doubly connected region in the plane of 2z occupled by the plate and
bounded by the contour [ + 4 . On the basls of Hilbert's theorem [8 and 9]
and the result of Chaplygin [10] such a conformal transformation is always
possible. In addition, it is evident that the contours ; and ¥ corre-
spond to different sections. The images cf the contours [ and ¥ 1in the
¢-plane will also be denoted by 1 and ¥ .

In the {-plane we obtain from Formulas (3.2) the following boundary-value
problem for the three analytic functions ® ({), @ (£) = @ [0 ()] and

YO =¥lo®
Req> (E) =0 on M, Reg (C) =—A onl (33)

Do O +v @ =0 oz

Be{ 2ia [:8 o’ (D) + q,(g)]} on M, Im [e™"%0 ()] =d; (3.4
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The last condition of (3.4) is an expression in complex form of the equa-
tion of the fth rectilinear segment of the boundary Yy = Tanq; -+ d,- sec o;.

We introduce the analytic function y(¢)

_ 0" (@)
x (0 = m‘l’ (9] (3.5)

With the aid of this function we can write the boundary-value problem
(3.4) 1in the form

6O +x0=0 oL (3.6)

Im [e"%0 ()] = d;, Im [ (D] =d; on M
By means of functions w,(¢) and v, (¢)

@ (8 =0 (8), % () =% (D)
which are analytic outside the segments [ + ¥ we can write the boundary-
value problem (3.6) in the form of a Riemann boundary-value problem for the

four functions ® (C), V4 (C)’ ml (C), xl (g)

1) x*+ 0, =0 onL, 5) ot — e iw;” = 2idie'™  on M

2) o+ % =0 oL 6) 0= — e¥%w,* = 2idie'™ on M 3.7
3) ,*+%x =0 oL, 7yt — e'mixl‘ = 2id,~e"°‘5 on M
4) o +x%*=0 oL, 8) x~ — ey, * = 2idje™ on M

We introduce new analytic functions

91 (8) = o (§) + %1 (8), 9, (§) = x (8 + 0, (D) 3.8)

Adding the first and third conditions of the boundary-value problem (3.7},
also the second and fourth, and subtracting the eighth condltion from the
fifth and the seventh from the sixth, we obtain the following boundary=-value
problem for the functions ¢, (¢) and ma(C)

Pt + @ =0, "+, =0 e L
. (3.9)
¢ — emﬂ'%' = 0, @ — e 7%Ng" =0 o M

(3.9) 1s a particular case of the boundary-value problem considered in
the preceding Section. Its solution can be found in closed form.

Substituting the functions w, (¢) and y, (¢) as defined by (3.8) and (3.9)
into boundary-value problem (3.7), we obtain the following boundary-value
problem of the Riemanr. type for determining the two functions w(¢) and y(¢):

Xt— %" =% o' —0 =@ onl
ot 4+ &%y = 2id;e'* + @;* on M (3.10)
%t -+ e 8% = Zidje—iai-f— Pt on M

Boundary-value problem (3.10) belongs to the class of Riemann boundary-
value problems considered in the previous Sectlon.
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Thus the solution to boundary-value problem (3.6) and also the initial
elastic problem can be found in quadratures. Note that the method of solu-
tion employed is applicable without any significant alterations toc the case
when the reglon occupled by the plate is triply connected.

11) Consider now an absolutely rigid paraboloid of revolution pressing
on a membrane of polygonal shape occupylng a simply connected region. On the
boundary ¥ of the membrane we have the condition

We assume that the membrane 1s under uniform tension in all directions,

i.e. that o,=0, or » =1 .

By means of Formulas (1.9), (1.11) and (3.11) the boundary condifions of
the problem can be written in the form

Ref(z) =0 on M, f'(z) = —24z onl (3.12)

We transfer to the parametric plane of the complex varlable by means of
the function z= w(¢) . The analytic function w(({) transforms conformally
the exterlor of two sections of the real axls in the {-plane into the doubly-
connected region in the z-plane occuplied by the membrane and bounded by the
contour [ + M .

In the (-plane we obtain from Formulas (3.12) the followlng boundary-value
problem for the two analytic functions w(¢) and F(c)=.f'[w(C)]

Re [ F (5)] =0, Im [eF ()l =d; on M
(3.13)

F =—240() oL
The second condition is the expression in complex form of the equation of
tie fth rectilinear segment of the boundary (as in Formula (3.4)).
With the aid of the functions
0, (8) = o (D), Fi (D) =F(@©
which are analytic outside [ + ¥ we can write the boundary-value problem

(3.13) in the form of a Riemaan boundary-value problem for the four functions
wl¢), 7(¢), w,(¢) ana r ()
1), F*4- 240, =0, 2) F +240,"=0 oL
3) Fi 4 240" = 0, 4 F*4+ 240 =0 onlL
5y F*+4e¢®iF~=0, 6y F 4+ e®NF*=0 on M (3.14)
7 0 — o, = 2idiEe’*i  on M

8) o — e et = 2id;e’"i on M

We introduce new analytic functlons

9, (8) = F (D) + 240, (§), P, (8) = F, () — 240 (§) (3.15)

Adding the first and second conditions of the boundary-value problem
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(3.14), subtracting the fourth from the third, multiplying the fifth and
sixth conditions by - gg) and adding them, respectively, to the eighth and
seventh, we obtaln the following boundary-value problem for the functions

L1 (¢) and ‘Da(C)

Pt e =0 onL @F+ePup, = —44ide™ o M
(3.16)
@t —@ =0 onL, @t e i = -—4Aidje‘°‘5 on M

{(3.16) 1s @ particular case of the boundary-value problem consldered in
the preceding Section. Its solution can be found in quadratures.

Substituting the functions w,(¢) and F, (¢) according to (3.15) and
(3.16) into the boundary-value problem (3,14) we agaln arrive at the Riemann
boundary-value problem for determining the two functions m(()-and F(C)

The method of solution of the initial problem (3.12) can be applied with-
out any significant change to the case of a triply connected region.

If the reglon occupled by the plate or membrane and situated outside the
area of contact is simply-connected {or perhaps, 1s made simply-connected by
the existence of lines of symmetry), then as a canonical reglon in the para-
metrlc plane of ¢ 1t 18 more convenient to use a half-plane or & circle.
In this case a solution of the boundary-value problems completely analogous
to the already described is very much simplified since the functions Wx(i)
and F,{{) will be analytic in the region symmetrical to the region of defi-
nition of the functions w(¢) and F(¢) and not intersecting the latter, so
that a palr of functions wiC) and w, (¢) (and also F(¢) and £, (C)) can be
consldered as one plecewise-analytie function.

4, Some specific prodlems. (1) Pressure of a parabo-
lold on an infinlite memdbrane . Consider an arbi-
trary rigid parabolold, the equation of the surface of which is given by

z == Az%  By* :p Cxy (4.1)

and which 1is bearing with a force on an infinite arbitrarily tensloned
membrane for which Expressions (1.9 are valid.

On the unknown boundary [ of the contact area we have the boundary con=~

ditions
Re f (z}) = — 24z — €y, ®Imf (zy=2By+Cx2 on L 4.2)
f (z) -0 for z-—» 00

We transfer to the exterior of the unit circle in the parametric plane of
i by means of the conformal transformation z = w((). We thus obtain from
4.2¥ the following boundary-value problem for the two analytic functions
w(¢) and F () =1 lo @) :

U+ FOQPU - FO=2B—-A+CHoQ)—2(A4+B)o(l) for |{l=1

o (D) =0(), FQ=0@@Y for f»o0 (4.3)

Either by using the method of functional equations [11], or by reducing

(4.3) to a Riemann boundary-value problem, we can easily find a solution to
the problem (4.3)

o) =cl+ ¢/t FR) =/l 44



32“’ G.F. Cherepanov

Here
2y P4 B %Ay 4 C (e — 1))
teo’| = “Brxho, (34 + B) (448 — C9)
1 L x—=1cC . (%+1)C]
argco=7[ tan W——- tan WZ(B——XA)
- 2B —2xA —C(x+1)i
AT T A —CH <11
2¢, 2B — 2A —C(x+1)i
02:‘:7-1—0_[—A-B+ (B —A4+Ci 2B+2m—0(x—1)i]

The contact area is found to be elliptic.

In the solution use was also made of the condition of equilibrium of the
paraboloid

P = 48, q == 2ho,, (v*4 + B) (4.5)
where ¢ 1s the pressure on the contact area and § 1s 1its area.
Note a particular case of the solution of (3.4) when ¢ =0, » = 1

co’:M 01=B—A Coy Cq = — 4AB o (4.6)
8nshAB B+ A A+ B
11) Pressure of a parabolcid on an
i1nfinite plate . Consider a rigid paraboloid the equation of
the surface of which 1s

2 = Az? + By’ (4.7
pressing with a force P on an infinite plate for which the relations (1.3)
are valid. This problem was first solved by a different method by Galin [1].

On the unknown boundary [ of the contact area we obviously have the
boundary condlitions

2Re® (z)=—A—B, 20 2)+ ¥(z)=B—A1 on L (4.8}
At a sufficlent distance trom “hie contact area the following relations
hold [1]:
Pw , v P (ln x4yt 1)
9r® ' ay®  4nD Rt
Pw  Pw i Pw _ Pz —iy)
9z Gyt dx dy 4nD (x + iy)

(4.9)

The asymptotic formulas (4.9) were derived on the assumption that the
circular plate of radius R 1is fixed around the contour and that the dimen-
sions of the contact area are small compared with the radius &

We transfer to the exterior of the unit circle in the (-plane by means of
the conformal transformation 2z = w({) . Then from (4.8) and (4.9) for the
three analytic functions

0@ 1O=2CO B _4_¥iOl oO-=0I00

¢ (D)
we can obtailn the boundary-value problem
for |El=1 - —_—
e+ =—4-—B, o (@) =x(@ (4.10)
for §— o0
o (£) = 0(0), ¢ = 0 (0)

°0) = (n%§+1)+o<c-*> 1 =L B —a)t+ 0@
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This problem can easily be solved; we find that

_ P cob _ 4D +B) 1
P ) 160D (2 In LR- -+ 1~) , Co R exp [ —— i]
8nD (B — A) 1 8nD (B — A) @i
__ 214 —_ . _ ; Tt —_
x(@)—co[——ﬁ——-wz], w(C)—vo[§+ L ]
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